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Theta lifting of cusp forms on the unitary group $U(d, d)$
( )
0. Notation
$F$ , $E=$ F( $\sqrt{}$= . $Z^{n}$ $E$ 2n- , Witt- $\uparrow z$
(7) skew Hermitian form $<,$ $>n$ $e_{1},$ $\cdots$ ) $e_{n},$ $f1$ ) $f_{n}$ $<,$ $>_{n}$
$J_{n}=(\begin{array}{ll}0 1_{n}-1_{n} 0\end{array})$
. $(Z^{n}, <, >n)$ $G^{n}$ . $GL_{q}^{E}={\rm Res}_{E/F}(GL_{q})$ ,
$G^{n-q}(1\leq q\leq n)$ $G^{n}$ .
$\iota_{n}(GL_{q}^{E})=\{\iota_{n}(A)=(\begin{array}{llll}A 1_{n-q} {}^{t}\overline{A}^{-1} 1_{n-q}\end{array})$ $|A\in GL_{q}^{E}\}$
$\iota_{n}(G^{n-q})=\{\iota_{n}(g)=(\begin{array}{llll}1_{q} A B C 1_{q} D\end{array})|g=(\begin{array}{ll}A BC D\end{array})\in G^{n-q}\}$
$G^{n}$ .
$Q_{q}^{n}=the$ stabilizer of the totally isotropic subspace $<e_{1},$ $\cdots$ $e_{q}>$
$\overline{M}_{q}^{n}=\iota_{n}(GL_{q}^{E})\iota_{n}(G^{n-q})=a$ . Levi subgroup of $Q_{q}^{n}$
$\tilde{U}_{q}^{n}=the$ unipotent radical of $Q_{q}^{n}$
$P_{q}^{n}=Q_{1}^{n}\cap Q_{2}^{n}\cap\cdots\cap Q_{q}^{n}$
$M_{q}^{n}=\overline{M}_{1}^{n}\cap\overline{M}_{2}^{n}\cap\cdots\cap\overline{M}_{q}^{n}=$ a Levi subgroup of $P_{q}^{n}$




$V_{q}^{n}=the$ derived group of $U_{q}^{n}$
$W_{q-1}^{n}=V_{q}^{n}\cap U_{q-1}^{n}$
1 $H$ , $H(F)$ $H$ F- , $H(A)$ adele
. $H(F\backslash A)=H(F)\backslash H(A)$ . $U_{n}^{n}(A)$ $u$
$u=(_{0}^{A}$ $t^{\frac{0}{A}-1}$ ) $(\begin{array}{ll}1_{n} B0 1_{n}\end{array})$ , $A=(a_{ij})\in GL_{7l}(A_{E}))$ $B=\iota_{\overline{B}}=(b_{!j})\in M_{n}(A_{E})$
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$u_{i}^{n_{j^{-}}}\wedge,(u)=a_{ij}$ , $\wedge u_{i,j^{+}}^{n}(u)=b_{ij}$ for $1\leq i<j\leq n$
$\wedge u_{i}^{n,+}(u)=b_{ii}$ , for $1\leq i\leq n$
. $G^{n}(A)$ $A(G^{n})$ , cusp form 0 $(G^{n})$
. $F\backslash A$ character $\mu$ 1 .
1. A filtration of $A(G^{n})$
Fourier .
$\hat{U}_{q}^{n}=Hom(V_{q}^{n}\backslash U_{q}^{n}(F\backslash A), C^{*})$ , $\hat{\Delta}_{q}^{n}=Hom((\triangle_{q}^{n}\cap V_{q}^{n})\backslash \triangle_{q}^{n}(F\backslash A)\rangle C^{*})$
$Z_{q}^{n}=<e_{q+1},$ $\cdots$ ) $e_{n}>+<f_{q+1},$ $\cdots f_{n}>$
. $\Delta_{q}^{n}\cong\tilde{U}_{q^{n}}\backslash U_{q}^{n}$ $\chi\in\triangle_{q}^{n}\wedge$ $\hat{U}_{q^{n}}$ . $\chi\in\triangle_{q}^{n}\wedge$ $z\in Z_{q}^{n}$ ,
$u\in U_{q}^{n}(A)$





. $\varphi\in A(G^{n}),$ $\psi\in\hat{U}_{q^{n}},$ $\alpha\in F$
$\lambda_{q}^{n}(g;\psi;\varphi)=\int_{U_{q^{n}}(F\backslash A)}\psi^{-1}(u)\varphi(\tau\iota g)du$
$\xi_{q}^{n}(g;\psi, \alpha;\varphi)=\int_{V_{q^{n}+1}(F\backslash A)}\mu^{-1}(\alpha u_{q}^{n}\wedge\dotplus^{+_{1}}(v))\{\int_{\mathcal{V}V_{q^{n}}(F\backslash A)}\lambda_{q}^{n}(vwg;\psi;\varphi)dw\}dv$
. , $q=n-1$ $\xi_{n-1}^{n}(g;\psi\rangle\alpha;\varphi)$ $V_{n^{n}-1}(F\backslash A)$
$T^{\gamma_{n^{n}-1}}U_{n^{+}}(F\backslash A)$ . $U_{n^{+}}$ $u_{n}^{n,+}(\cdot)$ one







$\chi$ $u_{jj+1}^{n,-}$ $()(1 \leq j\leq q-1)$ one parameter subgroup trivial





$A^{r}(G^{n})=\{\begin{array}{l}A(G^{n})ifn\leq 7\cdot\{\varphi(g)\in A(G^{n})|\Lambda_{r}^{n}(\varphi)(g)\equiv 0\}if1\leq 7\cdot\leqn-\frac{1}{2}\{0\}ifr\cdot\leq\frac{1}{2}\end{array}$
filtration





(1) $\pi$ cuspidal holomorphic $\Rightarrow$ $\pirightarrow A_{0}^{3/2}(G^{n})$
(2) $\pi$ generic $\Rightarrow$ $\piarrow\succ A^{n}(G^{n})/A^{n-1/2}(G^{n})$
(3) $\pi$ Weil $\Rightarrow$ $\pi\sim A^{2}(G^{n})$ , .
$\pi t^{i}$ cuspidal $\Leftrightarrow$ $T’-A^{3/2}(G^{n})$ $\Leftrightarrow$ $\pi-\rangle$ $A^{}$ $(G^{n})$
2. Theta lifting
$d\geq 1$ . Hermitian space $(Z^{d}\otimes Z^{n}, <, >=I-1<, >d\otimes<, >_{n})$
,
$G^{d}\cross G^{n}arrow G^{2dn}arrow Sp_{Sdn}=Sp(Z^{d}\otimes Z^{n}, tr_{E/F}(<, >))$
. $Mp_{Sdn}(A)$ $Sp_{Sdn}(A)$ metaplectic , $\omega_{\mu}$ $\mu$ $Mp_{Sdn}(A)$ Well
. $E^{*}\backslash A_{E}^{*}$ character $\nu$ , $A^{*}$ 2 $E/F$
character 1 . Gelbart-Rogawski ([1]) , splitting
$s_{\mu,\nu}$ : $G^{2dn}(A)arrow ilIp_{Sdn}(A)$ . $G^{2dn}(A)$ Weil $\omega=\omega_{\mu}os_{\mu.\nu}$
. $\omega$ $\mathcal{Y}^{n}(A)=Z^{d}(A)^{\oplus n}$ Schwarz- Bruhat $S(\mathcal{Y}^{n}(A))$ . $f\in S(\mathcal{Y}^{n}(A))$ ,
$h\in G^{d}(A),$ $g\in G^{n}(A)$
$\theta_{j}^{d,n}(h, g)=\sum_{\tilde{x}\in \mathcal{Y}^{n}}\omega(h\cdot g)f(xarrow)$
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. cusp form $\varphi\in \mathcal{A}0(G^{d})$
$\theta^{n}(\varphi|f)(g)=\int_{G^{d}(F\backslash A)}\varphi(h)\theta_{f}^{d,n}(h, g)dh$
, $G^{n}(A)$ . $G^{d}(A)$ cuspidal $\pi$
$\Theta^{n}(\pi)=\{\theta^{n}(\varphi|f)|\varphi\in\pi, f\in S(\mathcal{Y}^{n}(A))\}$
, $\pi$ theta lifting .
3. Fourier coefficients of $\theta^{n}(\varphi|f)$
, $\theta^{n}(\varphi|f)$ \S 1 Fourier . $\varphi\in A_{0}(G^{d}))f\in S(\mathcal{Y}^{n}(A)))1\leq q\leq$
$n-1$ . $\mathcal{Y}^{n}(A)$ $\vec{x}$ , , $x=arrow(x_{1}, \cdots)x_{n}),$ $x;\in Z^{d}(A)$
. $1\leq q\leq d$
$*e_{q}^{\sim}=(e_{1}, \cdots e_{q}, 0, \cdots 0)$
$e_{n-q}arrow(z)=(0, \cdots)0,$ $-\sqrt{-1}<z,$ $e_{q+1}>_{n}f_{q},$ $\cdots,$ -v’= $<z,$ $e_{nn}>f_{q}$), $(z\in Z_{q}^{n})$
.
$\mathcal{Y}_{q}^{n-q}=\{(0, \cdots)0, x_{q+1}, \cdots x_{n})\in \mathcal{Y}^{n}|\lambda_{i}\in Z_{q}^{d}, q+1\leq i\leq n\}$
.
THEOREM 1. $\chi\in\triangle_{q}^{n}\wedge[0]$ $z\in Z_{q}^{n}$ .
(1) $q>d$
$\lambda_{q}^{n}(g;\chi^{*}(z);\theta^{n}(\varphi|f))=0$
(2) $1\leq q\leq d$
$\lambda_{q}^{n}(g)\chi^{*}(z);\theta^{n}(\varphi|f))=\int_{U_{q^{d}}(A)\iota_{d}(G^{d-\mathscr{C}})(F)\backslash G^{d}(A)}\int_{(\triangle_{q}^{d}V_{q^{d}}\backslash U_{q^{d}})(F\backslash A)}\sum_{\vec{y}_{n-q}\in \mathcal{Y}_{q}^{n-q}}$
$\cross\xi_{q-1}^{d}$ ( $uh;\tilde{\chi}$ ,A $<z,$ $z>_{n}$ ; $\varphi$ ) $\xi_{q}^{n}(uh;\chi^{*}(z);\omega(g)f)(\vec{y}_{n-q})dudh$
$\xi_{q}^{n}(h;\chi^{*}(z);f)(y_{n-q}^{arrow})$
$= \int_{\Delta_{q}^{n}(A)}\chi^{-1}(\delta)\int_{L_{q}^{n}(A)}\chi^{*}(z)^{-1}(u)\omega(h\cdot\delta u)f(e_{q}+e_{n-q}(z)+\vec{y}_{n-q})dc\iota d\delta$
, $\overline{\chi}(\delta)=\chi(\overline{\delta})$ .
$\Theta^{n}(\pi)$ cuspidality .
THEOREM 2. $G^{d}(A)$ cuspidal $\pi$ , $\Theta^{n}(\pi)$ cuspid$al$
$\Theta^{n-1}(\pi\otimes\nu o\det)=0$ . $\Theta^{1}(\pi)$ cuspidal .




THEOREM 3. $\pi$ generic $l1on$ -zero cuspidal , $\Theta^{n}(\pi)$ $n\geq d+1$ $llOl1- zel\cdot O$
. $n\geq d+2$ cuspidal .
Theta lifting non-vanishing , Rallis ) non-zero
cuspidal $\pi$ ) $\Theta^{2d}(\pi)$ non-zero . $\pi$ generic
)’ $2d$ ’ $d+1’$) . Theorem 1
.
THEOREM 4. ? . $\varphi\in$ 0 $(G^{d})$ , $f\in S(\mathcal{Y}^{n}(A))$
$\theta^{n}(\varphi|f)\in A^{r+1/2}(G^{n})$ .
$n>d$ $G^{d}(A)$ theta lifting $G^{n}(A)$ generic
.
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